Abstract. Elliptic fibrations play a central role in the geometry of complex surfaces, and there is a comprehensive array of theory and examples. They arise also as a tool in many applications, such as the construction of rational points in arithmetic, metrics in differential geometry and certain string dualities in physics. In higher dimensional geometry, the foundational results of the past 30 years have not yet developed into a practical collection of everyday tools, as they have in the surface case. Nevertheless, the applications already work in higher dimensions -a glance at the literature shows the extent to which practical calculations in physics alone now far outpace the existing theory. This workshop brings together geometers, physicists and others to compare applications of elliptic fibrations and the state of the general theory.
Introduction by the Organisers
This meeting was about elliptic fibrations. The intention was to compare points of view of the uses of elliptic fibrations in different areas of mathematics and physics. This included the methods, results and ambitions of different approaches to elliptic fibrations, and also work with other closely related fibration structures. The contrast between elliptic fibrations in physics and in algebraic, differential and arithmetic geometry was at the forefront.
Several recent advances were prominent. First, the analysis of singular fibres in higher dimensions and their relation to physics, appearing in the work of Grassi and Morrison for example. Second, the non-existence of birational elliptic fibrations on certain Fano 3-folds, proved by Cheltsov and Park, and the biregular descriptions of fibrations when they do exist, arising in the work of Ryder and others. Third, various results in arithmetic geometry by many authors, such as work on MordellWeil rank by Kloosterman, and naturally including the recent work of PrendergastSmith on extremal elliptic fibrations. Finally, several new developments which can be viewed as generalisations of elliptic fibrations, like T-varieties by Altmann and more general torus fibrations by Melnikov.
The meeting had short series of talks by some of the experts, more traditional research talks by all remaining participants, and 'after hours' sessions where detailed calculations and discussion took place as a group at the board.
What is an elliptic fibration?
The basic common definition used throughout the workshop was this: an elliptic fibration is a proper morphism between complex algebraic varieties f : X → Y whose general fibre is an elliptic curve. There are many different ways to refine this. Among the optional extras one can choose from are:
• X and Y are both smooth.
• X and Y have Q-factorial terminal (or canonical) singularities.
• f has a section.
• f is flat.
• The discriminant of f is a normal crossing divisor.
• f has relative Mordell-Weil rank 0. Different combinations of these, among other refinements, appear in the literature and in the talks.
There are several major foundational results in higher dimensions. Miranda describes good nonsingular models of elliptic fibrations (together with a classification of the possible singular fibres), Grassi constructs relative minimal models and Nakayama constructs birational relative canonical models. Nakayama also provides a detailed analysis of the local structure of elliptic fibrations and Dolgachev and Gross analyse multiple fibres. Much of the activity at the meeting involved studying cases of these results in particular examples related to applications.
Themes of the meeting
From the wide range of topics, four themes were prominent, and we characterise them as they arose in workshop sessions.
2.1. Motivation from physics and differential geometry. These were pronounced most clearly in two talks by Melnikov, two by Previato, and one each by McIntyre and Singer.
In his talks, Melnikov explained the apparitions of torus fibrations in string theory. He focused on compactications of the heterotic string theory, and presented his recent classification of all such geometric compactifications that preserve N = 2 space-time supergravity. He pointed out that it would be a very interesting problem to give a description of the dual backgrounds via the conjectured heterotic/type II duality. One particular motivation for this problem is that in the case of heterotic theory compactified on a K3×T 2 , this leads to elliptically-fibered Calabi-Yau 3-folds which were discussed in the talks by Grassi.
Previato gave two talks. The first introduced the audience to the questions and techniques in the field of integrable systems. Her second talk presented the emergence of elliptic fibrations in this area of research as moduli spaces of solutions to certain integrable differential equations.
Starting from a spectral analysis question on an elliptic curve, McIntyre showed how one can begin from the determinant formula for the Laplacian on an elliptic curve (a formula which depends on the elliptic moduli) and generalize it to Riemann surfaces of higher genus, and then how to interpret the terms in the formula as geometric quantities on an associated infinite-volume hyperbolic 3-manifold.
Singer's talk focused on the differential geometric and Kähler aspects of elliptic fibrations. He presented a program for constructing constant scalar curvature Kähler metrics on elliptically fibered surfaces based on generalizing Fine's technique of constructing such metrics in the case when all the fibers are smooth.
2.2. Concrete calculations coming from physics. These were discussed in two talks each by Grassi, Katzarkov and Scheidegger, and after hours sessions by Degeratu and Wendland.
Grassi's first talk, which was also the opening talk of the Miniworkshop, was an introductory talk in the topic of elliptic fibrations. She focused on the case of elliptic fibration with a section, for which she showed how to find the corresponding Weierstrass model. Then she showed that in the case of elliptic surfaces the singular fibers are of ADE type, so each has an associated simply-laced Lie group. This led to the topic of her second talk: the geometry of higher-dimensional elliptic fibrations. In the case of an elliptically fibered Calabi-Yau 3-fold, she showed how all the Lie groups (simply-laced as well as non-simply-laced) can show up in the singular fiber of the fibrations, and used this information associated to the degeneration of the elliptic fibers to define a new invariant of the 3-fold related to the Euler characteristic, as well as to define the "charge matter representation" -a quantity predicted by the heterotic/F-theory string-string duality.
In an after hours session, starting from this heterotic/F-theory duality, Degeratu and Wendland showed how one can associate a concrete elliptically fibered CalabiYau 3-fold to a given heterotic theory compactified on a K3 surface. Focusing then on a particular example of Grassi's talk, they computed all the quantitites that Grassi introduced (neutral and charged hypermultiplets, vector multiplets) and showed how they match the corresponding quantitites on the heterotic side, providing a concrete check for this conjectured duality.
Katzarkov and Scheidegger talked on related topics around Fano and CalabiYau varieties. The driving questions concern the rationality of certain CalabiYau n-folds, where new spectral invariants have been introduced and techniques from non-commutative geometry and Hodge theory become crucial. This included calculations of gaps in the spectra of categories and relations to mirror symmetry as well as modular forms, along with the counting results described below.
2.3. Motivation from surfaces and higher-dimensional arithmetic geometry. These arose in talks by Kloosterman, Nikulin and Schütt.
Nikulin outlined the lattice-based theory that is known for surfaces, a great deal of which comes from his own work in the subject (summarised more comprehensively in a recent preprint). Some parts of this were applied by Schütt in combination with a quadratic twist manoeuvre to provide a general construction that can be applied in various situations: he explained several cases, including a new construction of Enriques surfaces and the construction of certain Calabi-Yau 3-folds.
Kloosterman described a great deal of current work on 3-folds from an arithmetic point of view. The main motivation was to compute Hodge numbers for elliptic fibrations, and he explained formulas for the Mordell-Weil rank which arises in its contribution to h 1,1 , together with applications to concrete calculations and results on average ranks.
2.4. Broader ideas from algebraic geometry. These appeared in talks and after hours sessions by Altmann, Park, Shepherd-Barron and Brown.
There are several generalisations of elliptic fibration that arise immediately. Holding on to the condition of trivial relative canonical class, the first two are either to consider fibrations by higher-dimensional abelian varieties, or by K3 surfaces or other varieties of Kodaira dimension zero. On the first of these, Shepherd-Barron explained his results on canonical models of moduli of Abelian varieties, including the most recent results on the structure of the exceptional loci.
Park explained his results with Cheltsov on elliptic fibrations birational to certain Fano 3-folds. Since the Fano 3-folds V they work with have Picard rank 1, there cannot be elliptic fibrations X → Y with X = V , but elliptic fibrations are very common once one relaxes this to allow X birational to V . Cheltsov and Park make birational constructions when V is a weighted hypersurface, and Brown described how to extend this to cases in higher codimension. Perhaps more strikingly, Cheltsov and Park also prove that certain Fano 3-folds do not admit birational elliptic fibrations.
Brown's calculations took place in toric varieties of rank ≥ 2, and Altmann outlined a general setup of toric fibrations that might be ambient spaces for elliptic (or more general) fibrations. His description was based on the foundational theory of T-varieties, by Altmann, Hausen, Süss and others, but with the theory directed towards fibrations -it remains to construct substantial examples of elliptic fibrations in this framework.
